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Conformal invariane in R
d

• short-distane interations

• translations x′
α = xα + aα

• rotations x′
α = bαβxβ

• sale transformations x′ = λx























⇒

Conformal

invariane

x′ = λ(x)x

SI
−→ O(x′) = λ−∆OO(x) < O(x)O(x′) > =C |x−x′|−2∆O

CI
−→ O(x′) = [λ(x)]−∆OO(x) λ(x) = |∂x′/∂x|1/d

Speial onformal transformations

x′

|x′|2 =
x

|x|2 + a

a → 0, |x′−x| → 0: x′ = λ(x)x λ(x) = 1−2(ax)+O(a2)
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Semi-in�nite systems: R
d
+

z

φ(r, z)

φ(0, z′)

r

• φ(x) � bulk �elds

• φ(r, 0) � boundary �elds

←− ≡ φ(r) ←− BC !
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• loal �utuating values

≡ OPERATORS

O∆ = φ2, φ4, φ2∇2φ4 . . .

Ô∆̂ = φ(r), φ2(r), Tzz(r) . . .
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Phase diagram
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Ordinary Special Extraordinary

Two-point orrelation funtion of bulk �elds

G(x,x′) ≡ 〈φ(r1, z)φ(r2, z′)〉 =
g(ξ)

(4zz′)∆φ
; g(ξ) � ?

ξ =
r2 + (z′ − z)2

4zz′
=

|x− x′|2
4zz′

onformal ross-ratio
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Short-distane (operator) expansions

x x′

· · ·
O∆(x̄) x

x′

· · ·
Ô∆̂(r)

β = ∆+ 1− d/2 onformal bloks β̂ = ∆̂ + 1− d/2

Gope(∆; ξ)=ξ∆/2
2F1

(

∆
2 ,

∆
2 ;β;−ξ

)

Gboe(∆̂; ξ)=ξ−∆̂
2F1

(

∆̂, β̂; 2β̂;−ξ−1
)

g(ξ) = ξ−∆φ
∑

∆≥0

λ∆ Gope(∆; ξ) =
∑

∆̂≥0

µ2
∆̂
Gboe(∆̂; ξ) = g(ξ)

bootstrap equation
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Correlation funtion Radon transformation

∗
Layer sueptibility

G(x,x′) =
g(ξ)

(4zz′)∆φ
ξ|r=0 =

(z′ − z)2

4zz′
≡ ρ χ(z, z′) = (4zz′)

1−η
2 ĝ(ρ)

χ(z, z′) =

∫

dd−1r G(r; z, z′)

= G̃(p = 0; z, z′)

z

z′

r

ĝ(ρ) =
πλ

Γ(λ)

∫∫∫ ∞

0

du u−1+λ g(u+ ρ)

g(ξ) =
π−λ

Γ(−λ)

∫∫∫ ∞

0

dρ ρ−1−λ ĝ(ρ+ ξ)











Radon

λ = d−1
2

transformation

∗
MAvity Osborn95 CFTs near a boundary in general dimensions NPB455 522

5

Radon transformation and BOE bloks

Dey Hansen Shpot Operator expansions, layer suseptibility and two-point

funtions in BCFT JHEP 2020 051

Gcon(r; z, z
′) = (4zz′)−∆φ gcon(ξ) ←→ χ(z, z′) = (4zz′)λ−∆φ X(ζ)

one-to-one orrespondene between BOE bloks and ζ powers

gcon(ξ) =
∑∑∑

∆̂>0µ
2
∆̂
Gboe(∆̂; ξ) R

←→ X(ζ) =
∑∑∑

∆̂>0 c∆̂ ζ∆̂−λ

in saling funtions of the orrelator and layer suseptibility

ξ =
r2 + (z′ − z)2

4zz′
λ =

d− 1

2
ζ =

min(z, z′)

max(z, z′)
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An appliation: EXTRAORDINARY TRANSITION 1Loop: O(ε = 4−d)

χ(z, z′) =
(a)

+ +
 a!

+ + · · · ⇒

χL(z, z
′) =

√
4zz′ ζ

5−ε
2 Cd

[

1 + ε h(ζ)
]

χT (z, z
′) =

√
4zz′ ζ

3−ε
2 C̃d−1

[

1 + ε j(ζ)
]







χ(z, z′) = (4zz′)
1−η
2 ζ

η‖−1

2 X(ζ)

����������������������������������������������

h(ζ) = h0(ζ) + h1(ζ) + h1(−ζ)

h0(ζ) =
1

140(n+ 8)

[

203n+ 3140− 10(7n+ 96)ζ−2 + 20(7n+ 128)ζ−4
]

h1(ζ) =
(21n+ 204) ζ(1 + ζ2) + 4(7n+ 74) ζ2 − 72(1 + ζ4)

42(n+ 8) ζ6
(1− ζ)3 ln(1− ζ)

�����������������������

⋆ expand in powers of ζ � get the BOE deomposition ⋆
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NEW expliit results: gconL,T (ξ) = g
(0)
L,T (ξ)+ε g

(1)
L,T (ξ)+O(ε2)

χL(z, z
′) = (4zz′)λ−∆φ ζ−λ

∑

∆̂=d, k

c∆̂ζ
∆̂ +O(ε2) k = 6, 8, 10, . . .

cd =
1

10

[

1 +
76− n

60 (n+8)
ε
]

ck = 2
k (k−3) (n+8)− 2 (5n+76)

(k−5)3(k)3 (n+ 8)
ε

R

⇒
gL

con(ξ) = σdcd Gboe(4− ε; ξ) +

∞
∑

k=6,8,...

σk ck Gboe(k; ξ) +O(ε2)

g
(0)
L (ξ)=

1

2ξ
− 1

2(ξ+1)
+6+3(2ξ+1) ln

ξ

ξ+1

gL
(1)(ξ) =

1 + ln
[

ξ(ξ + 1)
]

4ξ(ξ + 1)
+ 6 ln ξ + 3(2ξ + 1) ln ξ · ln ξ

ξ+1

+

[

72ξ(2ξ + 3) + n+ 80

4(n+ 8)
ln

ξ

ξ+1
− 2

(5n+ 52)ξ + 2(2n+ 19)

n+ 8

]

ln
ξ

ξ+1

+ 2
n+ 14

n+ 8

[

1 + 3(2ξ + 1)Li2

(

−1

ξ

)

]
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O U T L O O K

• Global GOAL: bootstrap equation for the layer suseptibility •
• HOPE • math power series instead of 2F1 series

⇒ pratial usefulness

• Learn • use Radon transformation to produe OPE

deompositions in simplest ases

• Non-trivial • full BOE/OPE deompositions for d = 2 ISING

� NEW � f. Liendo Rastelli van Rees JHEP 2013 113

• Apply • Radon transformation to the "OPE side" of bootstrap

equation

• Try • BOE/OPE deompositions for pFq of speial arguments

in NUMBER THEORY
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