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Crystallization is a fundamental process in materials
science, providing the primary route for the realization of a
wide range of new materials. Crystallization rates are also
considered to be useful probes of glass-forming ability2–3. At

the microscopic level, it is phenomenologically described by the classical
crystal nucleation and growth theories4. Yet, solid formation is a far more
complex process and markedly different crystal growth regimes in many
binary liquid mixtures greatly challenge our understanding of
crystallization1-3,5,6. Here1, we study by experiments, theory and computer
simulations the crystallization of supercooled mixtures of argon and krypton,
showing that crystal growth rates in these systems can be reconciled with
existing classical models only by explicitly accounting for non-ideal mixing
effects. Our results highlight the importance of thermodynamic aspects in
describing the crystal growth kinetics, providing a substantial step towards a
more sophisticated theory of crystal growth.
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AN IMPROVED THERMODYNAMIC THEORY
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ABSTRACT

SIMULATIONS

WHICH MODEL? RESULTS & PERSPECTIVES

CRYSTAL GROWTH

Crystallization rates in many systems3
à maximum rate and huge variations

Technological goal: identification of 
good glass-formers (extreme crystal
growth rate slowdown)

Locally Favoured Structures, diffusion, 
quantum effects, liquid pre-ordering, …?

Unified picture of 
crystal growth mechanism?

collision-limited (CL)

Wilson-Frenkel (WF)

ballistic at short times, 
no activation barrier,
weak T dependence

diffusive at longer times, 
activated process, 
strong T dependence

Experiments on Ar-Kr @ DESY and @ EU-
XFEL

- Crystal growth rates ~ metallic alloys

- Miscible in the whole phase diagram
(study several Kr fractions x)

- Many data for ∆𝐺 and ∆𝑆! are available à
straightforward comparison with the model

- Lennard-Jones interactions: easy to 
simulate

THE EXPERIMENT

Both models fail2,6 (WF even at moderate supercooling)
for many systems: metallic alloys, colloids, pure metals…
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Evaporative supercooling
X-ray diffraction

v of the jet constant:
distance from nozzle ↔
time evolution (t=z/v)

(www.lammps.sandia.gov)

Molecular Dynamics: 
seeded crystal growth, 104 atoms, PBC

Structural order parameter

CF left
CF right

𝑢(𝑥, 𝑇(𝑥))
𝑢(0, 𝑇 0 )

àRemarkable qualitative agreement
(experiment and simulations)

- Experimental data also include 
nucleation events (composition-dependent)

- Many crystallites in the microjet vs
seeded (biased) growth

- Nontrivial temperature-dependent behavior

à MD simulations capture relevant details! 
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FIG. S4. Simulation results (symbols) of the temperature dependence of the absolute crystal growth rate of

the (100) surface. The solid lines are the WF model calculations with f/c2 = 31.4, as obtained from a fit

of Eq. (1) in the main paper to the simulated crystal growth rates shown in Supplementary Figure S3.
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yield consistent results, we now turn to the analysis of the temperature dependence of the simulated

crystal growth rates of the surface (100), plotted in Fig. 3 for five representative systems. We

determined the parameters f/c and f/c
2 of the CL and WF models, respectively, by fitting u[T (x)]

in either case to the simulated crystal growth rates (see Supplementary Figure S3), obtaining

f/c = 1.8 and f/c
2 = 31.4. In Supplementary Figure S4 we show that, as already established by

Broughton et al. for a pure LJ liquid [14], the strongly activated nature of the di�usive kinetics

completely fails to describe the observed temperature dependence in all simulated systems, with

the WF model deviating from the simulation results already at small supercooling. By contrast,

the violet and red solid lines in Fig. 3 show that the CL model provides a good description of

the simulated crystal growth rates of the pure systems in the full temperature range [14]. In these

calculations we used the slightly di�erent value of f/c = 1.9, as obtained independently by a direct

fit of the CL model to the T dependence of the simulated crystal growth rates of pure argon. The

comparison in Fig. 3, however, also shows that the CL model is unable to account for the peak

growth rates in the supercooled mixtures. In particular, the maximum theoretical crystal growth

rate predicted for the x = 0.4 mixture is roughly 80% larger than that found in the simulations.

These results provide clear evidence that neither the CL nor the WF model can properly describe

the crystal growth kinetics in the simplest supercooled atomic liquid mixtures of the present study.

In the task to account for this failure of the theory, we first recall that in the liquid mixture

a force F↵ = �rµ
L
↵ on an atom of species ↵ 2 {Ar,Kr} is generated by the gradient of its

chemical potential µL
↵ = µ

L
0↵ + kBT ln(x↵�

L
↵) [25], where µL

0↵ is the potential of pure species ↵ at

the same thermodynamic conditions of the mixture, x↵ is the mole fraction, and �
L
↵ is the activity

coe�cient [26]. An elementary calculation yields rµ
L
↵ = kBT�r ln x↵, where

� = 1 +
d ln �L

↵

d ln x↵
(2)

is a thermodynamic factor independent on the choice of the species ↵ [25]. This factor was shown

to provide a correction term to the di�usion coe�cient for a binary mixture [27] (see Methods),

thereby accounting for e�ects of non-ideality of the mixture on the di�usive motion of the particles.

Since in a pure LJ liquid the crystal growth kinetics as described by the CL model is determined by

the short-time free-particle thermal motion characteristic of an ideal gas [15], the question arises

how the particle’s velocity is a�ected by F↵ in the mixture. An approximate analysis shows that at

very short times the solution to the equation of motion is in fact represented by the average thermal
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velocity scaled by �. Therefore, we can define the crystal addition rate

e⌫CL(T ) = ⌫CL(T )�, (3)

where the explicit expression of� is derived in the Methods, Eq. (M9). Note that e⌫CL(T ) = ⌫CL(T )

for the pure systems, by definition. The calculation of the crystal growth rate using e⌫CL(T ) is shown

in Fig. 3 by the dotted lines. The agreement with the simulation results is now remarkable, indicating

that the modified CL model successfully captured the full temperature dependence of the crystal

growth rate in the supercooled mixtures. The dotted line in Fig. 2b represents the calculation

with the modified CL model at the composition-dependent temperature T (x) (see inset in Fig. 1b),

showing a slightly improved agreement with both the experimental data and simulation results for

the krypton-rich mixtures.

We extended the comparison between theory and simulations also to the growth of the (111)

surface. The results are presented in Supplementary Figure S5, showing that the dependence on

temperature of the crystal growth rate of the (111) surface is also well described by the modified

CL model. The smaller crystal growth rates when compared to the (100) surface result from the

smaller fitted value of f/c = 1.1. It is significant that these results are in sharp contrast to those

reported by Burke et al. [17], who found that the crystal growth rate of the (111) surface in a pure

supercooled LJ liquid was described by the WF model.

In conclusion, we have shown that the departure from ideality provides a simple, clear physical

account of the crystal growth rates in supercooled mixtures of argon and krypton, thereby signifi-

cantly improving the canonical view of crystallization. We anticipate that the crystal addition rate

in Eq. (3) might be especially relevant to the description of crystal growth in regular solutions.

As a further important example of such a binary system, the explicit calculation of � for alloys of

copper and nickel based on available assessed data [28], extrapolated to supercooled temperatures,

does indicate that the modified CL model can consistently explain experimental [29, 30] and sim-

ulation [10] results on crystal growth in these liquids. Having established the key role played by

the thermodynamic complexity that distinguishes binary liquid mixtures in the kinetics of crystal

growth, the opportunity now exists for a quantitative description of crystal growth in binary sys-

tems beyond the simplest atomic liquids discussed in the present paper, and particularly in strongly
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New crystal addition rate

In fact, the thermodynamic driving force: 

excess free energy (usually neglected)
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Dashed lines: modified CL
Full lines: original CL

Modified CL also fits relative growth rates
as a function of Kr fraction
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EXPERIMENTAL TECHNIQUE

Track crystal front (CF) along
time à crystal growth rates

Averaged Local Bond Order Parameters8  à crystal structures detection

AFFILIATIONS

𝑢 𝑇 𝑥 = 𝑢 𝑇 |𝑥

CL WF

Only simulations: 
fixed x, change T

Are both models wrong?

Modified collision-limited model: non ideal mixing effects

activity coefficients

Noticeable quantitative
description of crystal
growth rates even at ~ 60%
supercooling degree

Next steps:
à other mixtures (metallic alloys)
à study model systems (role of
interaction parameters)
à study of nucleation
(in collaboration with EU-Xfel)
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where

ideal A-B
mixing

(multiplicative correction to particle velocity)

0
 20

Time (μs)


Fr
ac

tio
n 

cr
ys

ta
lliz

ed



a


0


Re
la

tiv
e 

cr
ys

ta
lliz

at
io

n 
ra

te



b


0.2
 0.4
 0.6
 0.8
 1

Mole fraction of krypton


40

0


0.2


1


0.4


0.6


0.8


0


0.2


0.4


0.6


10
 30
 60
 80
50
 70
 90


0


0.2


0.4


0.6


0.8
 1.2


 
 
 
 
 

 
 
 

x=0

0.03


0.15

0.07


0.4


0.85

0.93

1


 
 
 
 
 
 

Experiment


WF model


(111)

(100)


CL model


Modified CL model


Simulations



